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a b s t r a c t
Let R be a reduced commutative Noetherian ring. We provide conditions equivalent to
isomorphism for completely decomposable finitely generated modules over R. We show
that, if R is one dimensional and R satisfies the Krull–Schmidt property for ideals, then any
overring of R must also have this property. We also show that if R is both local and one
dimensional, satisfying the Krull–Schmidt property for ideals, then it has the Krull–Schmidt
property for direct sums of rank one modules.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
A class C of modules is said to have the Krull–Schmidt property if every module in C is a direct sum of indecomposable
members of C, and such a direct decomposition is unique up to isomorphism and order of the indecomposable summands.
In this paper, we are interested in the Krull–Schmidt property for ideals and for rank one modules.
The ring R is said to have the unique decomposition into ideals (UDI) property, if, for any R-module that decomposes into a
finite direct sum of indecomposable ideals, this decomposition is unique apart from the order and isomorphism class of the
ideals. In other words, for any indecomposable ideals I1, . . . , In, J1, . . . , Jm of R, if I1 ⊕ · · · ⊕ In ∼= J1 ⊕ · · · ⊕ Jm, then n = m
and, after reindexing, Ii ∼= Ji, for each index i. So, the UDI property is the Krull–Schmidt property for ideals.
In [6], Goeters and Olberding characterize the UDI property for Noetherian integral domains. Furthermore, they show
that an overring of a Noetherian domain with Krull dimension one inherits the UDI property. Recall that, over a domain R, a
rank onemodule is an R-submodule of the field of fractions of R. They also consider the unique decomposition into rank one
R-submodules of the field of fractions of a one-dimensional Noetherian domain. In [2], the authors characterized the UDI
property when R is a reduced commutative Noetherian ring. In this paper, we show that Goeters and Olberding’s results for
one-dimensional Noetherian domains extend to one-dimensional reduced Noetherian rings, with a slight restriction in the
latter result (see Theorems 3.7 and 4.1).
We call an R-module G completely decomposable if G is isomorphic to a finite direct sum of indecomposable ideals of R. We
prove that, for completely decomposable finitely generatedmodules overR, isomorphism is equivalent to local isomorphism,
which is equivalent to near isomorphism if R has at least one but finitely many non-principal maximal ideals. The concept of
near isomorphismwas first introduced in torsion-free finite rank abelian group theory, and it is used broadly while proving
many cancellation and decomposition results up to near isomorphism [1]. Near isomorphism is alsowell studied for integral
domains [7], and we extend its definition to reduced commutative Noetherian rings.
Let R be a reduced commutative Noetherian ring. We remark that, if R is isomorphic to R1 × R2, then the rings R1 and
R2 are also reduced (commutative) Noetherian, and R has the Krull–Schmidt property if and only if both R1 and R2 have the
Krull–Schmidt property. Furthermore, R has finitely many non-principal maximal ideals if and only if both R1 and R2 have
finitely many non-principal maximal ideals. Thus, throughout this paper, Rwill always denote an indecomposable, reduced,
commutative, Noetherian ring.
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We fix the following notation. The set of all prime ideals of R is denoted by Spec(R), and the Zariski topology on Spec(R)
has closed sets consisting of sets of the form V (I), the set of all prime ideals containing I , as I ranges over all ideals of R.
Since R is Noetherian, Spec(R) contains only finitely many minimal primes, which we denote by P1, . . . , Pt . If any of these
minimal prime ideals, say P1, is also a maximal ideal, then V (P1) = {P1} would be both open and closed in Spec(R). Under
the assumption that the ring R is indecomposable, the space Spec(R) is connected, so {P1} open and closed would make
Spec(R) = {P1}; that is, P1 would be the only prime ideal of R. Since we also assume that R is reduced, this would force
P1 = 0 and R to be a field. A field has the UDI property, so, to avoid this trivial case, we shall assume that none of the
minimal prime ideals P1, . . . , Pt is a maximal ideal. We remark that, since R is assumed to be reduced, the set of all of its
zero-divisors of R is precisely the set P1 ∪ · · · ∪ Pt . Therefore, since the minimal prime ideals are all assumed to be non-
maximal, it follows that no maximal ideal of R is contained in the set of zero-divisors. Recall that an ideal is called regular if
it contains a regular element. Thus, every maximal ideal of Rmust be regular.
Let us fix Ri = R/Pi for each index i. Because R is reduced, P1 ∩ · · · ∩ Pt = 0, so the natural map φ : R → R1 × · · · × Rt
is injective. We usually identify Rwith its isomorphic image φ(R). Also, let RPi = Qi = Q (Ri), the field of fractions of Ri, and
let R˜i be the integral closure of Ri in Qi, for each index i. Then the total quotient ring of R is the ring Q = Q1 × · · · × Qt , and
the integral closure of R is the ring R˜ = R˜1 × · · · × R˜t . Recall that a ring R′ is called an overring of R if R ⊆ R′ ⊆ Q .
We say that the R-module G is torsion free if no non-zero element is annihilated by a regular element of R. The rank of G
is the t-tuple rank(G) = (r1, . . . , rt), where ri is the rank of the Qi-vector-space GPi = G⊗ RPi , for each index i. We shall say
that a torsion-free R-module has rank one if its rank at each minimal prime of R is zero or one (and at least one local rank is
non-zero), or, equivalently, if it is isomorphic to a non-zero R-submodule of the total quotient ring Q of R.
This paper is organized as follows. In Section 2, we show that some results in [2] hold even when R has at least one
but only finitely many non-principal maximal ideals, and provide conditions equivalent to isomorphism for completely
decomposable finitely generated modules over a reduced commutative Noetherian ring. In Section 3, we show that, if R has
Krull dimension one, and satisfies the UDI property, then any overring of R has the UDI property also. We also provide an
example of an overring of a three-dimensional ring that does not inherit the UDI property. In Section 4, we show that, if R
has the UDI property, then R has the Krull–Schmidt property for direct sums of torsion-free rank one modules.
Recall that, for R-submodules X and Y of Q , [X : Y ] is defined to be {q ∈ Q : qY ⊆ X}.
We note the following well-known facts, which we will find helpful throughout this paper (see [2] for proofs).
Lemma 1.1. If A and B are torsion-free R′-modules, where R′ is an overring of R, then HomR′(A, B) = HomR(A, B).
Lemma 1.2. Let P be a prime ideal of R and Q (RP) the total quotient ring of RP . Then QP ⊆ Q (RP).
2. Isomorphism for torsion-free modules
We remind the reader that, throughout this paper, R is assumed to be a reduced, commutative, Noetherian (indecom-
posable) ring, but not a field.
Two torsion-free R-modules G andH are said to be nearly isomorphic if, for each regular ideal I , there exists an embedding
f : G → H such that the ideal AnnR(Coker(f )) is comaximal with I . The R-modules G and H are called locally isomorphic
if GM ∼= HM for all maximal ideals M of R. It is easy to see that, if G and H are torsion-free nearly isomorphic R-modules,
then G and H are locally isomorphic. In this section, we show that local isomorphism is equivalent to near isomorphism for
finitely generated torsion-free R-modules. We further show that, if one of these R-modules is completely decomposable,
then isomorphism is equivalent to both local isomorphism and near isomorphism.
We give below an extended version of [2, Lemma 2.2], but first we provide an example of a Noetherian domain with
finitely many non-principal maximal ideals and mention some definitions.
Example 2.1. Let F be an algebraically closed field, and consider the ring F [X, Y ]of polynomials over F in two indeterminates
X and Y . Let α, β1, . . . βn be elements of F . Let S be the multiplicatively closed set in F [X, Y ] generated by polynomials of
the form X − α, Y − β , where α ≠ 0 and β ≠ β1 . . . βn. Set R = S−1F [X, Y ], a Noetherian domain of Krull dimension two.
The only non-principal maximal ideals of R are of the form M = S−1(X, Y − βj) for 1 ≤ j ≤ n, and R has infinitely many
principal (height one) maximal ideals.
We say that a ring R is of finite character if every regular element of R is contained in only finitely manymaximal ideals of
R. Furthermore, if R is an integral domain of finite character, and if every non-zero prime ideal of R is contained in a unique
maximal ideal, then R is called an h-local domain.
The following lemma summarizes some useful facts needed in this section; the proof is a minor variation of the proof of
[2, Lemma 2.2].
Lemma 2.2. The following hold for the ring R.
(1) For every principal maximal ideal N ⊆ R, the localization RN is a Discrete Valuation Ring (DVR), and N properly contains a
unique prime ideal, necessarily a minimal prime of R.
(2) If every maximal ideal of R principal, then R is a Principal Ideal Domain (PID).
(3) If R has only finitely many non-principal maximal ideals, then R is of finite character.
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(4) If R has a non-principal maximal ideal, then every minimal prime ideal of R is contained in a non-principal maximal ideal. In
particular, if R has a unique non-principal maximal ideal M, then M contains all the minimal prime ideals of R, so M contains
all of the zero-divisors of R.
(5) Let G and H be finitely generated torsion-free R-modules. If R has a non-principal maximal ideal, and if G and H are locally
isomorphic at each non-principal maximal ideal, then rank(G) = rank(H).
Proposition 2.3. If R has a unique non-principal maximal ideal, then, for every prime ideal P ⊆ R, R/P is an h-local domain.
Proof. Suppose that R has a unique non-principal maximal ideal, and let P be a prime ideal of R. Then R/P has at most one
non-principal maximal ideal, so R/P is of finite character. Each non-zero prime ideal of R/P is an image of a non-minimal
prime ideal of R. Hence, a non-zero prime ideal of R/P is either a principal maximal ideal or it is contained in the unique
non-principal maximal ideal. Therefore, R/P is an h-local domain. 
It is easy to see that, if G and H are torsion-free nearly isomorphic R-modules, then G and H are locally isomorphic. We
show that the converse holds for finitely generated torsion-free R-modules when R has only finitely many non-principal
maximal ideals.
Proposition 2.4. Suppose that R has at least one but only finitelymany non-principalmaximal ideals and that G andH are finitely
generated torsion-free R-modules. If, for each non-principal maximal ideal M ⊆ R, GM ∼= HM , then G and H are nearly isomorphic.
Proof. Let I be a regular ideal, and let N1, . . . ,Nv be the non-principal maximal ideals and Nv+1, . . . ,Nv+k the principal
maximal ideals of Rwhich contain I . Since N1, . . . ,Nv+k are distinct maximal ideals of R, we can write R = Nj +∏i≠j Ni for
each index j, so 1 = aj + bj with aj ∈ Nj and bj ∈ ∏i≠j Ni. By assumption, rank(GM) = rank(HM) for each non-principal
maximal ideal M , so, by Lemma 2.2(5), rank(G) = rank(H). By Lemma 2.2(1), RNi is a DVR, and hence GNi ∼= HNi , for each
index i, v + 1 ≤ i ≤ v + k. Thus, for each index j, 1 ≤ j ≤ v + k, there exists a map fj : G → H such that (fj)Nj
is an isomorphism. Then we can write fj = hj + gj, where hj = fj · aj and gj = fj · bj. Let g = g1 + · · · + gv+k. Since
Im((hj)Nj) ⊆ NjHNj , by Nakayama’s lemma, the map (gj)Nj is surjective for each index j. For i ≠ j, Im((gi)Nj) ⊆ NjHNj by
choice of bi, so, by Nakayama’s lemma again, gNj must be surjective, for each index j. Since G is a Noetherian R-module and
GNj ∼= HNj , it follows that gNj is an isomorphism, for each index j.
We claim that g is injective. For each index j, 1 ≤ j ≤ v + k, the map gNj is an isomorphism from GNj onto HNj , so
Ker(gNj) = 0. Thus, (Ker(g))Nj = 0 for each index j, which implies that (Ker(g))P = 0 for every minimal prime ideal
of P of R, by Lemma 2.2(4). Therefore, AnnR(Ker(g)) is not contained in any minimal prime ideal of R, so AnnR(Ker(g))
contains a regular element, and hence Ker(g) = 0, since G is torsion free. That is, g : G → H is an injection such that
gNj is an isomorphism for each index j. Thus, (Coker(g))Nj = 0, where Coker(g) is a finitely generated R-module, and hence
AnnR(Coker(g))Nj = RNj for each index j. That is, AnnR(Coker(g)) is not contained in any of themaximal idealsN1, . . . ,Nv+k,
which include all the maximal ideals that contain I . Therefore, I and AnnR(Coker(g)) are comaximal. 
The following theorem is one of the two main results in this section.
Theorem 2.5. Suppose that R has at least one but only finitely many non-principal maximal ideals. Let G and H be finitely
generated torsion-free modules. The following are equivalent.
(1) GM ∼= HM for each non-principal maximal ideal M.
(2) G and H are locally isomorphic.
(3) G and H are nearly isomorphic.
Proof. (2)⇒ (1) is trivial.
(1)⇒ (3) follows immediately from Proposition 2.4.
(3)⇒ (2) was noted in the remark preceding Proposition 2.4. 
We show that, in the presence of at least one but only finitely many non-principal maximal ideals, every ideal of R not
contained in any such maximal ideal is principal. We use this to prove that the isomorphism class of a direct sum of ideals
is determined locally at that maximal ideal.
Lemma 2.6. If R has at least one but only finitely many non-principal maximal ideals, then every ideal of R not contained in any
such maximal ideal is principal.
Proof. Suppose that I ⊆ R is an ideal not contained in any non-principal maximal ideal of R. Let aR be maximal among
principal ideals contained in I but not in any non-principal maximal ideal. To show that I = aR, it suffices to prove equality
locally at everymaximal ideal of R. Since a /∈ M for any non-principalmaximal idealM , it follows that RM = aRM ⊆ IM ⊆ RM ,
and hence aRM = IM . Suppose, by way of contradiction, that aRN ≠ IN for some principal maximal ideal N = πR of R. Then
aR ⊆ N (else RN = aRN ⊆ IN ⊆ RN , as above), so a = πb for some b ∈ R. On the one hand, for maximal ideal P ≠ N , π
becomes a unit in RP , and hence bRP = aRP ⊆ IP . On the other hand, RN is a DVR, and πbRN ( IN , so bRN ⊆ IN . It follows that
aR ( bR ⊆ I , contrary to assumption. Therefore, aRN = IN for every maximal ideal N of R, as required. 
Proposition 2.7. Suppose that R has only finitely many non-principal maximal ideals, and that A, B, and C are finitely generated
torsion-free R-modules. If A and B⊕ C are locally isomorphic, then A = B′⊕ C ′ for some submodules B′ and C ′ locally isomorphic
to B and C, respectively.
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Proof. If R has no non-principal maximal ideals, then, by Lemma 2.2(2), R is a PID, so A, B, and C are free R-modules, and the
result is clear. Therefore, we can assume that R has at least one non-principal maximal ideal.
LetM1, . . . ,Mk be the non-principal maximal ideals of R. Then, by Proposition 2.4, there is an embedding f : A → B⊕ C
such thatM1 · · ·Mk and AnnR(Coker(f )) are relatively prime. Let g = π ◦ f , where π is the projection map π : B⊕ C → B,
and I = Im(g) and K = Ker(g). We note that fMi is surjective for each index i, because M1 · · ·Mk and AnnR(Coker(f )) are
relatively prime. Then IMi = BMi for each i, since IMi = g(A)Mi = gMi(AMi) = (π ◦ f )Mi(AMi) = πMi(BMi ⊕ CMi) = BMi . Thus,
rank(IMi) = rank(BMi) for each index i, and hence rank(I) = rank(B), by Lemma 2.2(5). Since, for all principalmaximal ideals
N of R, the ring RN is a DVR (Lemma 2.2(1)), it follows that IN and BN are freemodules of the same rank and hence isomorphic;
therefore I is locally isomorphic to B. Moreover, for each principal maximal ideal N of R, since RN is a DVR and IN is a finitely
generated torsion-free RN -module, IN is projective, so the map gN splits. On the other hand, for each non-principal maximal
idealM of R, gM = πM ◦ fM , where fM is an isomorphism, while πM is a split surjection, so the map gM also splits. Therefore,
the map g splits, because I = Im(g) is finitely presented. Thus, A ∼= I⊕K , where I is locally isomorphic to B. By [5, Theorem
2], locally at each maximal ideal of R we can cancel those summands from both sides of the isomorphism, so K is locally
isomorphic to C . 
We now have all of the pieces needed to prove the second main result of this section.
Theorem 2.8. Suppose that R has at least one but only finitely many non-principal maximal ideals. Let G and H be finitely
generated torsion-free modules, with H completely decomposable. If GM ∼= HM for any non-principal maximal ideal M, then
G ∼= H.
Proof. Suppose that H is an indecomposable ideal of R. Let M1, . . . ,Mv be the non-principal maximal ideals of R. By the
same argument as in the proof of Proposition 2.4, one can show that there exists an injection g : G → H such that gMj is an
isomorphism 1 ≤ j ≤ v. Let I = AnnR(H/Im(g)). Note that (H/Im(g))Mj = 0 for each index j. Thus, I * Mj, and hence, by
Lemma 2.6, I = tR for some t ∈ I −Mj for 1 ≤ j ≤ v. So, t is regular, by Lemma 2.2(4).
We claim that R/tR ∼= H/tH . Since t is regular, by Lemma 2.2(3), t is contained in only finitely many maximal ideals, all
of which are principal. If P is a maximal ideal such that t ∈ P , then RP is a DVR, and t ∈ I implies that HP ≠ 0, so RP ∼= HP ,
and hence RP/tRP ∼= HP/tHP . Thus, if we write P¯ = P/tR, then (R/tR)P¯ ∼= (H/tH)P¯ for each maximal ideal P¯ of R/tR, and
therefore H/tH is a locally free R/tR-module of rank one. Since R/tR is semi-local, H/tH is free [11, Theorem 4.30], proving
the claim.
From the above claim, and because tH ⊆ Im(f ), there is a surjection α : R/tR → H/Im(f ). Since tR = AnnR(H/Im(f )),
it follows that Ker(α) = tR, and hence H/tH ∼= R/tR ∼= H/Im(f ). We note that R/tR is Artinian, so H/tH and H/Im(f ) have
the same finite length. Then tH ⊆ Im(f ) forces Im(f ) = tH , so G ∼= Im(f ) = tH ∼= H .
In the general case, write H = A ⊕ B, where A is an indecomposable ideal of R. It follows from Proposition 2.7 that
G = A′ ⊕ B′ for some submodules A′ and B′ such that A′M ∼= AM and B′M ∼= BM . Then A′ ∼= A by the first part of the proof, and
B′ ∼= B by induction on the rank, so the lemma follows. 
It is an open question whether one can drop the assumption that one of the torsion-free finitely generated modules in
Theorem 2.8 must be completely decomposable.
3. UDI for overrings of R
In [6], Goeters and Olberding show that, if R is a one-dimensional Noetherian domain satisfying the UDI property, then
every overring of Rhas theUDI property. In this section,we show that any overring of a one-dimensional reducedNoetherian
ring R inherits the UDI property from R. Before we prove this result, we collect some useful facts. The first two lemmas show
that most maximal ideals in overrings of Rmust be principal.
Lemma 3.1. Let R′ be an overring of R, and let N be a maximal ideal of R′ which contracts to a principal maximal ideal of R. Then
N is principal.
Proof. Let P = N∩R be the principalmaximal ideal, such that P = xR for some x ∈ P , and letQ (RP) be the ring of fractions of
RP . By Lemma 1.2, the natural map from QP into Q (RP) is injective, whichmakes R′P into an overring of RP . Since P is principal
and R is a reduced Noetherian ring, RP is a DVR, by Lemma 2.2(1), so Q (RP) is a field. Therefore, R′P = RP or R′P = Q (RP). Now,
NP is a proper ideal of R′P , since N is a prime ideal of R′ and disjoint from R− P . Also, PRP ⊆ NP and PRP ≠ 0, so R′P cannot be
a field, and hence R′P = RP .
We claim thatN = xR′. IfM ≠ P is amaximal ideal of R, then, since x /∈ M , it follows that x is a unit in R′M , while x ∈ P ⊆ N
implies that R′M = xR′M ⊆ NM ⊆ R′M , and hence NM = xR′M . On the other hand, PP = (xR)P = xRP = xR′P ⊆ NP ( R′P , where
PP is the maximal ideal of RP = R′P , so PP = NP , and therefore NP = xR′P . Since N and xR′ are locally equal at every maximal
ideal of R, they are equal, and hence N is principal. 
Lemma 3.2. Suppose that R has a unique non-principal maximal ideal, M. Let R′ be an overring of R, and let N be a maximal ideal
of R′ lying over M. If NM is principal, then N is principal.
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Proof. Let NM = aR′M , where we can suppose that a ∈ N . Since N is an R-module, a = ts−1 for some s, t ∈ R, with s regular
in R, and t ∈ M . We claim that a is regular in R′. SinceM = R∩N is regular in R, and R ⊆ R′ ⊆ Q , it follows that N is regular
in R′. Thus, NM is regular in R′M , and hence a is regular in R
′
M . Suppose that ar
′ = 0 for some r ′ ∈ R′. Then ar ′ = 0 in R′M , so
r ′ = 0 in R′M , and therefore r ′s′ = 0 in R′ for some s′ ∈ R−M . But s′ is regular, by Lemma 2.2(4), so r ′ = 0 in R′, and hence a
is a regular element in R′, as claimed. Since a and s are regular, t must be regular also. Thus, by Lemma 2.2(3), there are only
finitely many maximal ideals P of R such that s ∈ P or t ∈ P . We note that, if s, t /∈ P , then s and t both become units in R′P ,
so, at such maximal P , we get aR′P = R′P = NP .
Fix a principal maximal ideal P = πR, for some π ∈ P , such that s ∈ P or t ∈ P . If π divides both s and t , then, since π
is regular in R and R is Noetherian, we can continue cancelling until at least one of s or t is not divisible by π . It remains to
consider the following cases.
Case 1. If π |s and π - t , then t becomes a unit in RP , whichmakes s a unit in R′P , since s−1 = ts−1 · t−1 ∈ R′P . So aR′P = R′P = NP
in this case.
Case 2. Suppose instead that π - s and π |t . Since R is Noetherian, we can suppose that n is the largest positive integer
such that πn|t , so that, for some t ′ ∈ R − P , πnt ′ = t . Since t ∈ M and π /∈ M , it follows that t ′ ∈ M . Moreover,
NM = aR′M = πnt ′s−1R′M = t ′s−1R′M , so we can replace a by t ′s−1, and we still have a ∈ M and NM = aR′M , but now
aR′P = R′P = NP .
Repeating this procedure for the finitely many principal maximal ideals containing s or t , we obtain aR′P = R′P = NP for
every principal maximal ideal P of R. Also, since aR′M = NM , it follows that aR′ and N are locally equal at every maximal ideal
of R. Therefore, N = aR′ is a principal ideal. 
Next we show that, if I is the intersection of minimal prime ideals of R, then R/I inherits the UDI property from R.
Lemma 3.3. Let I be the intersection of any minimal prime ideals of R, and let ρ : R → R/I be the natural map. Set R¯ = R/I . If R
has the UDI property, then R¯ has the UDI property.
Proof. Suppose that I1 ⊕ · · · ⊕ In ∼= J1 ⊕ · · · ⊕ Jm for some indecomposable ideals I1, . . . , In, J1, . . . , Jm of R¯.
Suppose that I = P1 ∩ · · · ∩ Ps for 1 ≤ s ≤ t . Let J¯ be an ideal of R¯, so that J¯ = J/I for some ideal J of R. We claim that J¯
is isomorphic to an ideal of R. Let z ∈ (Ps+1 ∪ · · · ∪ Pt)− (P1 ∩ · · · ∩ Ps), so that z¯ is a regular element of R¯. Now, ρ maps zJ
onto z¯ J¯ . Since z · I = 0, it follows that (zJ ∩ I)2 = 0, so, since R is reduced, zJ ∩ I = 0, and hence zJ ∩ Ker(ρ) = 0. Thus, ρ|zJ
is an isomorphism onto z¯ J¯ , and therefore z¯ J¯ ∼= zJ as R-modules. Since z¯ is regular in R¯, z¯ J¯ ∼= J¯ as R¯-modules, and so also as
R-modules.
Finally, let I¯1 ⊕ · · · ⊕ I¯n ∼= J¯1 ⊕ · · · ⊕ J¯m for some (indecomposable) ideals I¯1, . . . , I¯n, J¯1, . . . , J¯m of R¯. Each I¯i and each J¯j
is isomorphic to an ideal of R, and they remain indecomposable as R-modules. Since R has the UDI property, it follows that
n = m, and, after reindexing, I¯j ∼= J¯j for each index j, as R-modules, and so also as R¯-modules. 
We show that the UDI property passes to finitely generated overrings.
Proposition 3.4. Let R′ be an overring of R, and suppose that R′ is finitely generated as an R-module. If R has the UDI property,
then so does R′.
Proof. Suppose that A1 ⊕ A2 ⊕ · · · ⊕ An ∼= B1 ⊕ B2 ⊕ · · · ⊕ Bm, for indecomposable ideals A1, . . . , An, B1, . . . , Bm of R′.
Since R′ is a finitely generated overring of R, every ideal of R′ becomes a finitely generated fractional ideal of R. Since Aj
is indecomposable as an R′-module, EndR′(Aj) contains no non-trivial idempotents. By Lemma 1.1, EndR′(Aj) = EndR(Aj)
does not contain any non-trivial idempotents either, so each Aj remains indecomposable as an R-module. Similarly, each
Bj remains indecomposable as an R-module. Since R has the UDI property, m = n, and, renumbering if necessary, Aj ∼= Bj
as R-modules for all indices j. But these isomorphisms are also R′-homomorphisms, again by Lemma 1.1, and hence each
Aj ∼= Bj as R′-modules. 
The UDI property is not quite a local property. In [2], Theorem 2.5 shows that the UDI property can be characterized
locally, provided that the ring has at most one non-principal maximal ideal.
Recall that P1, . . . , Pt are theminimal prime ideals of our ring R, andwe set Ri = R/Pi for each index i. The integral closure
of R is written as R˜ = R˜1 × · · · × R˜t , where R˜i is the integral closure of Ri for each index i. We view R ⊆ R1 × · · · × Rt , and
Q = Q1 × · · · × Qt is the total quotient ring of R, where Qi is the field of fractions of R˜i for each index i.
We recall a fundamental result [6, Theorem 3.2].
Theorem 3.5. Assume that R is a local Noetherian domain with maximal ideal M, and let R˜ be the integral closure of R in its field
of fractions. Then R has the UDI property if and only if there exists a fractional overring R′ of R with the same number of maximal
ideals as R˜, such that one of the following holds.
(1) R′ is local.
(2) R′ has exactly two distinct maximal ideals M ′1,M
′
2 such that M
′
1 is principal, with M * (M
′
1)
2 and R′/M ′1 ∼= R/M.
(3) R′ = R˜ has exactly three distinct maximal ideals M ′1,M ′2,M ′3, such that all three are principal, with M * (M ′j )2 and
R′/M ′j ∼= R/M for each index j.
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We shall need the following local characterization of the UDI property given in [2].
Theorem 3.6 ([2, Theorem 3.6]). Let R be a reduced, commutative, Noetherian, local ring with maximal ideal M. Then R has the
UDI property if and only if one of the following holds.
(1) t = 1, and R satisfies one of the conditions of the above theorem.
(2) t = 2, R˜1 is local with the maximal ideal N˜ , and R˜2 is finite over R2 and a PID with exactly two distinct maximal ideals M˜1 and
M˜2, such that M * R˜1 × (M˜i)2 and R˜2/M˜i ∼= R/M for i = 1, 2.
(3) t ≥ 2, and R˜i is local for all i, 1 ≤ i ≤ t.
We now are ready to prove the main theorem of this section.
Theorem 3.7. Suppose that R is a one-dimensional reduced Noetherian ring. If R has the UDI property, then so does any overring
D of R.
Proof. Let D be any overring of R. Then D is Noetherian and one dimensional as well [12, Theorem 4.9.2].
If D is decomposable, say D ∼= D′ × D′′, then D′ and D′′ are overrings of two (one-dimensional, reduced, commutative,
Noetherian) homomorphic images R′ and R′′, respectively, of R. Since R′ and R′′ have the UDI property, by Lemma 3.3, it
suffices to prove the theorem when D itself is indecomposable, which we now assume.
We claim that D has at most one non-principal maximal ideal and has the UDI property locally at every maximal ideal,
so that, by [2, Theorem 2.5], it follows that D has the UDI property.
Since R has the UDI property, R has at most one non-principal maximal ideal. If all the maximal ideals of R are principal,
then R is a PID, so D is a PID by [4, Corollary 5.3]. Therefore, we can suppose that R has a unique non-principal maximal ideal
M .
LetN be amaximal ideal ofD, and note thatN∩R is a prime ideal of R. Since R is one dimensional,N∩R is aminimal prime
or a maximal ideal of R. Suppose that N ∩ R = P is a minimal prime ideal in R. Since the injection from QP to Q (RP) = RP
makes DP into an overring of RP , DP = RP = QP is a field. Since NDP = 0, no prime ideal of D is properly contained in N .
Thus, N is a minimal prime ideal of D. Since D is indecomposable and reduced, this implies that D is a field, so D has the UDI
property. So, we can assume that N ∩R is maximal in R. If N is itself a principal, DN is a DVR and has the UDI property. So, we
can assume that N is a non-principal maximal ideal of D. By Lemmas 3.1 and 3.2, for N to be a non-principal maximal ideal,
N ∩ R = M and NM must be non-principal. Thus, we only need to worry about whether DM has at most one non-principal
maximal ideal, and whether or not DM has the UDI property locally at this maximal ideal. So, we replace R by RM and D by
DM , and assume that R is local.
Let us denote the maximal divisible R-submodule of D/R by h(D/R). Then h(D/R) = D′/R, where D′ is an R-module such
that R ⊆ D′ ⊆ D. By [9, Corollary 3.5], D′ is an overring of R.
We note that Q/R is a torsion divisible module. By [9, Theorem 5.5], Q/R is an Artinian R-module. Since D′ is an overring
of R, D′/R is an R-submodule of Q/R, which makes D′/R an Artinian R-module. So, applying [9, Corollary 5.2], we get that
(D/R)/h(D/R) is finitely generated as an R-module. Thus, D/D′ is a finitely generated R-module, and hence D is finitely
generated as a D′-module. If we can show that D′ has the UDI property, then it follows that D has the UDI property, by
Proposition 3.4. Therefore, without loss of generality, we suppose that D/R is divisible, so that D = D′. By [9, Theorem 3.4],
for an arbitrary maximal ideal N of D, N = D(N ∩ R) = DM , so N is the unique maximal ideal of D. If we can show that the
overring DN of RM has the UDI property, then, by Theorem [2, Theorem 2.5], so does D.
The minimal prime ideals of Q = Q1 × · · · × Qt are in the form P ′i =
∏
i≠j Qj. Since Q is reduced, the intersection of its
minimal prime ideals is 0. Let Pi = P ′i ∩ R, for each index i. Since the intersection of these prime ideals is 0, there are no
containment relations between them. Therefore, the Pi are the minimal prime ideals of R. Let P ′′i = P ′i ∩ D, for each index i.
Since the intersection of their contractions in R is 0,∩ti=1P ′′i = 0. Thus, there are no containment relations among the P ′′i , for
each i. So, P ′′1 , . . . , P ′′t are the minimal prime ideals of D. Therefore, D ↩→ D1 × · · · × Dt , where Di = D/P ′′i , for each index i.
Therefore, D˜ = D˜1 × · · · × D˜t , where D˜i is the integral closure of Di for each i. Now ,we break the argument into the three
cases of Theorem 3.6.
If t = 1 holds, then, by [6, Proposition 4.2], D has the UDI property.
Suppose instead that Theorem 3.6(2) holds. Since R˜1 is local and R1 is a one-dimensional Noetherian domain, R˜1 is a DVR.
Thus, D˜1 = R˜1 or D˜1 = Q1, so D˜1 is local. Now let us consider D˜2. Since R˜2 is a PID with two maximal ideals, D˜2 is one of R˜2,
(R˜2)M˜1 , (R˜2)M˜2 , or Q2. If D˜2 is local, then, by 3.6(1), D has the UDI property. Suppose that D˜2 = R˜2. Let N˜i be a maximal ideal
of D˜2 for each i = 1, 2. Since D is an overring of R, R/M ⊆ D/N . By Theorem 3.6(2), R/M ∼= R˜2/M˜i = D˜2/N˜i, so D/N ∼= D˜2/N˜i,
for each index i. SinceM * R˜1× (M˜i)2 andM ⊆ N , N * D˜1× (N˜i)2, for each index i. Therefore, by Theorem 3.6(2), D has the
UDI property.
Finally, suppose that t ≥ 2 and R˜i is local for each i. Since R˜i is local for each i and Ri is a one-dimensional Noetherian
domain, R˜i is a DVR. Then D˜i is a DVR or D˜i = Qi. Thus, D˜i is local, for each index i. By Theorem 3.6(3), D has the UDI
property. 
We show that the above result does not hold for Noetherian domains of higher dimensions.
Theorem 3.8. Let R be a Noetherian domain. If every overring of R has the UDI property, then R is one dimensional.
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Proof. Suppose that the dimension of R is greater than one, and that every overring has the UDI property. Let R˜ be the
integral closure of R in its quotient field, and letM be a maximal ideal of R˜ with height greater than one. Set D = R˜M . Then
D is an integrally closed local Noetherian domain of dimension greater than one, and D has the UDI property. Since D is
not a DVR, there exists u ∈ Q such that neither u nor u−1 is in D. It follows that D[u]/MD[u] ∼= (D/M)[X], where X is an
indeterminate ([8, Exercise 31 on page 44]). Thus, D[u] has infinitely many maximal ideals of height two. By Krull’s Ideal
Theorem [10, 12.I], they cannot be principal. Therefore, since D[u] has more than one non-principal maximal ideal, by [2,
Lemma 2.1], D[u] does not satisfy the UDI property. Thus, Rmust have dimension one. 
4. Unique decomposition for direct sums of rank one modules
In [6, Theorem4.3], Goeters andOlberding show that, for a one-dimensional Noetherian domain, theUDI property implies
the Krull–Schmidt property for direct sums of torsion-free rank one modules. In this section, we prove the same theorem
for a reduced commutative Noetherian ring R of Krull dimension one, under the additional assumption that R is local, with
a suitable definition of a rank one module.
Theorem 4.1. Let R be a reduced Noetherian local ring of Krull dimension one. If R has the UDI property, then, for any
indecomposable torsion-free rank one R-modules, X1, . . . , Xn, Y1, . . . , Yn, such that X1 ⊕ · · · ⊕ Xm ∼= Y1 ⊕ · · · ⊕ Yn, then
m = n, and, reindexing if necessary, Xj ∼= Yj for all j.
Proof. We divide the proof into the three cases of Theorem 3.6.
If Theorem 3.6(1) holds, then the theorem follows immediately from [6, Theorem 4.3].
Suppose instead that Theorem 3.6(2) holds. If EndR(Xk) is local for some k, then, by [3, Lemma I.3.4], Xk ∼= Yl for some
index l, so, by semi-local cancellation [5, Theorem 2], we can cancel Xk and Yl from the isomorphism. Thus, by induction, we
can assume that each endomorphism ring EndR(Xk) and EndR(Yl) is non-local.
Note that, if X is an R-submodule of Q , then rank(X)must be (1, 0), (0, 1), or (1, 1). We claim that it is enough to assume
that each Xk and each Yl has rank (1, 1).
If rank(X) = (1, 0), then XP2 = 0 implies that AnnR(X) * P2, so AnnR(X) = P1, and X ∼= X¯ = (X +AnnR(X))/AnnR(X) =
(X + P1)/P1 is an R¯ = R/P1 = R1-module. Hence D = EndR(X) ∼= EndR¯(X¯) = [X¯ : X¯] is an overring of R1. Let D˜ denote the
integral closure of D in Q . Since R˜1 is a one-dimensional, local, integrally closed Noetherian domain, D˜ = Q1, or D˜ = R˜1, so D˜
is local, which implies that D is local. Thus, we can assume that none of the remaining summands Xk and Yl have rank (1, 0).
If rank(X) = (0, 1), then AnnR(X) = P2, and X ∼= X¯ = (X + P2)/P2 is an ideal of R¯ = R/AnnR(X) = R/P2 = R2. Let
D = EndR¯(X¯) ∼= EndR(X), so that D is an overring of R˜2. So D˜ is an overring of R˜2, which implies that D˜ is equal to Q2, R˜2, or
(R2)M˜i , for i = 1, 2. If D˜ = (R˜2)M˜i for i = 1, 2, then D˜ is local. Similarly, if D˜ = Q2, then D˜ is local. Since D˜ is integral over D, its
unique maximal ideal contracts to the unique maximal ideal of D, contrary to the assumption that D be non-local. Therefore
we can suppose that D˜ = R˜2, so R2 ⊆ D ⊆ R˜2, and hence D is finite over R. We claim that D = R˜2. Write M ′i = D ∩ M˜i
for i = 1, 2, so that M ′1 ≠ M ′2. For each index i, R/M = R2/M2 ⊆ D/M ′i ⊆ D˜/M˜i ∼= R/M implies that D˜ = D + M˜i, and,
since M * (R˜1 × M˜i)2, it follows that M ′i * (M˜i)2. We note that, for exactly two maximal ideals, each (D˜)M ′i is a DVR, and
M ′i (D˜)M ′i * (M˜i)
2
M ′i
. Thus, (M˜i)M ′i = M ′i (D˜)M ′i , (D˜)M ′i = DM ′i +M ′i (D˜)M ′i . Therefore, DM ′i = (D˜)M ′i for each index i, from which it
follows that D = D˜ = R˜2.
In the direct sums X1 ⊕ · · · ⊕ Xn ∼= Y1 ⊕ · · · ⊕ Yn, we assume that each indecomposable summand has rank (0, 1)
or (1, 1) and has a non-local endomorphism ring. Since the sums of the ranks are equal on both sides, there are the same
number of indecomposables of rank (0, 1) on both sides. We just showed that each indecomposable X with rank (0, 1)
has endomorphism ring R˜2, which implies that X is a rank one R˜2-module. Then X ∼= R˜2 as R˜2-modules, and so also as R-
modules. Since R˜2 is semi-local, by semi-local cancellation [5, Theorem 2], we can cancel those summands from both sides
of the isomorphism. Therefore, we can further assume that each Xk and each Yl has rank (1, 1).
Let X1⊕· · ·⊕Xn ∼= Y1⊕· · ·⊕Yn, and fix the indecomposable faithful R-module X = X1 with the non-local endomorphism
ring D = EndR(X). By the above argument, we note that its integral closure D˜ = D˜1 × D˜2, D˜1 is local, and D˜2 is either local,
or D˜2 = R˜2. We claim that D˜2 cannot be local, so D˜2 = R˜2.
Suppose that D˜2 is local, so that D˜ has two maximal ideals. We claim that this forces D to be local. Let N˜ × D˜2, D˜1 × M˜ be
the maximal ideals of D˜. Let N ′ = D ∩ (N˜ × D˜2),M ′ = D ∩ (D˜1 × M˜). We show that N ′ = M ′, contrary to assumption. The
ring D˜ has only two minimal primes, P˜1 = {0} × D˜2 and P˜2 = D˜1 × {0}, so D˜i = D˜/P˜i for each index i. Let P ′i = D ∩ P˜i for
each index i, so that P ′1 and P
′
2 are the (distinct) minimal primes of D. Now P˜1 is contained in only onemaximal ideal, N˜× D˜2,
so P ′1 ⊆ N ′. Similarly, P˜2 is contained in D˜1 × M˜ , so P ′2 ⊆ M ′. Since D˜ is integral over D, it follows by ‘‘going-up’’ that N ′ is
the only maximal ideal of D containing P ′1, and M ′ is the only maximal ideal of D containing P
′
2. If N
′ ≠ M ′, then Spec(D)
decomposes as the disjoint union of V (P ′1) and V (P
′
2), which makes X decomposable, contrary to the assumption that X is
indecomposable. So, N ′ = M ′, which makes D local, contrary to the assumption that D is non-local.
Therefore, we assume that D˜2 = R˜2, so that D˜ has three maximal ideals. As above, the maximal ideals of D are the
contractions of the maximal ideals of D˜. By a similar argument to that above, the three maximal ideals of D˜ cannot have
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distinct contractions toD. ButD is assumed to be non-local, so it follows thatD has twomaximal ideals. LetN ′ = D∩(N˜×D˜2),
M ′1 = D ∩ (D˜1 × M˜1), and M ′2 = D ∩ (D˜1 × M˜2), where N˜ is the maximal ideal of D˜1 and M˜i is the maximal ideal of D˜2, for
i = 1, 2. If M ′1 = M ′2, then D becomes decomposable. Thus, N = M ′1 or N = M ′2. Without loss of generality, suppose that
N = M ′1. As argued above, one can show that (M˜2)M ′2 = (M ′2D˜2)M ′2 . Moreover, (D˜2)M ′2 is a finitely generated DM ′2-module,
since D˜2 = R˜2 is finite over R2, by Theorem 3.6, and so, by Nakayama’s lemma, (D˜2)M ′2 = DM ′2 . Therefore, DM ′2 is a DVR.
Without loss of generality, we can assume that D = EndR(X1) is minimal with respect to inclusion among all of the
endomorphism rings EndR(Xk) and EndR(Yl). Let us regard L = X1⊕· · ·⊕Xn = Y1⊕· · ·⊕Yn as two internal decompositions
of L into direct sums of indecomposable R-modules with rank (1, 1). Next, we construct h ∈ HomR(Y1, X1) and show that h
is an R-isomorphism.
Using the inclusion maps ιj : Xj → L and ι′j : Yj → L and the projection maps πj : L → Xj and π ′j : L → Yj, the
identity map on X1 is π1ι1 = ∑j π1ι′jπ ′j ι1, where each composition π1ι′jπ ′j ι1 is in D. Since DM ′1 is a local ring, one of these
compositions must be a unit in DM ′1 ; we can assume that it is π1ι
′
1π
′
1ι1. Let f = π1ι′1, an R-homomorphism from Y1 to X1; by
assumption, f (Y1)R′M ′1
= (X1)M ′1 . Using the fact that M ′1 ≠ M ′2, we can choose a ∈ M ′2 − (M ′1 ∪ P ′2 ∪ (M ′2)2), which makes
a regular. Since DM ′2 is a DVR, there exists n ≥ 0 such that f (Y1)DM ′2 = an(X1)M ′2 . Now a is regular, so we can set h = a−nf ,
which is a Q -endomorphism of Q . Since a is a unit in DM ′1 , h(Y1)DM ′1 = f (Y1)DM ′1 = (X1)M ′1 , while h(Y1)R′M ′2 = (X1)M ′2 by
choice of n. Then h(Y1)D and X1 are locally equal at both maximal ideals of D, so h(Y1)D = X1. We can view HomR(Y1, X1) as
an R-submodule of Q , since X1 and Y1 are faithful, so, let U = HomR(Y1, X1)Y1, a D-submodule of X1. Since h ∈ HomR(Y1, X1)
and h(Y1) ⊆ U , it follows that U = X1. If we set D′ = EndR(Y1), then U is an D′-module, which makes X1 a D′-module, so
D′ ⊆ D. By minimality of D, it follows that D = D′. Thus, by Lemma 1.1, X1 = h(Y1)D = h(Y1D) = h(Y1), which makes h
surjective as a D-map, and so also as an R-map, again by Lemma 1.1. The ranks are equal, so h must also be injective, and
hence h : Y1 → X1 is an R-isomorphism. Therefore, by local cancellation [5, Theorem 2] and induction, the theorem follows
in this case.
Finally, let us suppose that Theorem 3.6(3) holds. By [3, Lemma I.3.4] and [5, Theorem 2], it suffices to prove that each Xj
has local endomorphism ring. LetX = Xj for some index j, and set R¯ = R/AnnR(X), and X¯ = (X+AnnR(X))/AnnR(X), which is
faithful.We note that X ∼= X¯ as R-modules, so EndR(X) ∼= EndR¯(X¯). Furthermore, we can assume that AnnR(X) = P1∩· · ·∩Ps
for some s ≤ t , from which it follows that the minimal primes of R¯ are P¯1, . . . , P¯s, where P¯i = Pi/AnnR(X). Then
R¯/P¯i ∼= R/Pi = Ri, and by assumption Ri has local integral closure R¯i in its field of fractions Qi for each index i, 1 ≤ i ≤ s.
Thus, replacing X by X¯ and R by R¯, we can assume that X is an indecomposable faithful R-module.
Let D = EndR(X), an overring of R. Since each R˜i is an integrally closed, one-dimensional, local Noetherian domain, it is a
DVR. Then D˜i is either a DVR, or D˜i = Qi, so D˜i is local. For each index i, let P˜i be the kernel of the natural map from D˜ onto D˜i,
so that P˜1, . . . , P˜t are the distinct minimal primes of D˜. Moreover, their contractions to R yield the distinct minimal primes
of R, namely, Pi = R ∩ P˜i for each index i. Let P ′i = D ∩ P˜i for each index i; then the ideals P ′1, . . . , P ′t must be the distinct
minimal primes of D. Now, each P˜i is contained in only one maximal ideal, since D˜/P˜i = D˜i is assumed to be local. Since D˜
is integral over D, by ‘‘going-up’’, each minimal prime ideal of D is contained in a unique maximal ideal as well. If M ′ is an
arbitrary maximal ideal of D, we can number the minimal primes of D so that P ′1, . . . , P ′r ⊆ M ′, while P ′r+1, . . . , P ′t * M ′, for
some integer r , 1 ≤ r ≤ t . Then V (P ′1) ∪ · · · ∪ V (P ′r) is both open and closed in Spec(D), because each minimal prime of D
is contained in a unique maximal ideal. Since Dmust be an indecomposable ring, because X is an indecomposable module,
it follows that r = t , and every minimal prime of D is contained in M ′. Thus, M ′ is the unique maximal ideal of D, so D is
local. 
It is an open question whether one can drop the extra assumption that R be local in Theorem 4.1. One might try an
approach as in [2, Theorem 2.5], but that theorem relies on the fact that, if R has a unique non-principal maximal ideal
M , then, for finitely generated torsion-free completely decomposable modules G and H , G ∼= H if and only if GM ∼= HM
(Theorem 2.8). This fact no longer holds for R-submodules of Q , as, for example, R and RM become locally isomorphic atM .
Since we have no counterexamples to a global version of Theorem 4.1, however, we make the following conjecture.
Conjecture 4.2. Let R be a reduced Noetherian ring of Krull dimension one, but not necessarily local. If R has the UDI property,
then, for any indecomposable torsion-free rank one R-modules, X1, . . . , Xn, Y1, . . . , Yn, such that X1⊕· · ·⊕Xm ∼= Y1⊕· · ·⊕Yn,
then m = n, and, reindexing if necessary, Xj ∼= Yj for all j.
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